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Abstract
This paper analyses the d-fold degenerate bifurcation of invariant quasi-periodic tori of
normal dimension one. It is shown that for integrable families of diffeomorphisms unfolding a
d-fold degenerate invariant torus versally, invariant Diophantine tori in the family persist under a
small non-integrable perturbation. As a consequence, a subset of positive measure (with respect
to an interpolating smooth manifold) of the bifurcation set persists as well. The proof is a
consequence of the translated torus theorem of Rüssmann and Herman.
© 2005 Elsevier Inc. All rights reserved.
1. Introduction
Persistence under small perturbations of normally non-degenerate invariant quasi-
periodic tori is nowadays well understood. ‘Normal non-degeneracy’ refers to the
linearised normal dynamics of the unperturbed invariant torus; those dynamics are
governed by the so-called ‘Floquet matrix’, whose eigenvalues are called ‘Floquet mul-
tipliers’. Normal dynamics are called non-degenerate if all multipliers are distinct, and
no multiplier is equal to 1.
Degenerate normal dynamics are more difﬁcult to handle, since standard KAM-
theory is not directly applicable to the ensuing perturbation problem. Degeneracies do
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moreover not occur in ‘generic’ dynamical systems; they are typically only encountered
in parametrised families of systems. For Floquet multipliers off the unit circle, persis-
tence of tori is guaranteed by normal hyperbolicity; the theory of normal degeneracies
is therefore interested in the case of Floquet multipliers on the unit circle, that is, with
quasi-periodic bifurcation theory.
The simplest normal degeneracy is found in the quasi-periodic saddle node bifur-
cation. This bifurcation has, for invariant quasi-periodic tori, been analysed in [8]
for invariant circles of diffeomorphisms and in [6] for invariant tori of general di-
mension; see [13] for the case of Hamiltonian vector ﬁelds. The difﬁculties of the
saddle node bifurcation are directly related to the occurrence of a Floquet multiplier
1: already in the case of zero-dimensional tori, that is, ﬁxed points, occurrence of an
eigenvalue 1 in the linearisation implies that the persistence of the torus cannot be
insured by the implicit function theorem, which is the analog to KAM-theory in this
case.
In the present article, attention is restricted to the case of normal dimension 1; that
is, to the case of perturbations of families of integrable diffeomorphisms 0p on Tm×R
for which the torus Tm × {0} is invariant, and for which 00 has a normal degeneracy
of arbitrarily high order. Assuming that the integrable family 0p unfolds the degener-
acy versally—this is a generic condition—a full characterisation of the quasi-periodic
bifurcation diagram is found for all non-integrable diffeomorphisms  sufﬁciently close
to 0. This characterisation is conveniently described in geometric terms. The proof of
the result efﬁciently uses the well-known Rüssmann–Herman translated torus theorem
and thereby avoids having to set up the laborious KAM apparatus.
The results obtained can be applied directly to the analysis of the quasi-periodic
d-fold degenerate bifurcation of invariant tori, as well as the quasi-periodic d-fold
degenerate Hopf bifurcation, generalising the results of Chenciner [8] (see also [7,23]).
For instance, quasi-periodic saddle-node and cusp bifurcations and degenerate quasi-
periodic Hopf bifurcations of invariant tori occur naturally in the analysis of the normal-
internal k : 1 resonances [25,20].
In the remaining part of the introduction, the subject of the present article is intro-
duced a little more formally, but for most deﬁnitions and details the reader is referred
to subsequent sections. Let then 0p : Tm × R → Tm × R be an integrable family of
smooth diffeomorphisms, that is, a family of diffeomorphisms equivariant with respect
to the Tm-action  · (x, y) = (x + , y) and depending on a q-dimensional parameter
p ∈ Rq . This implies that 0p is of the form
0p(x, y) = (x + f (y, p), y + g(y, p)) ,
with x ∈ Tm and y ∈ R.
Note that a torus T = {(x, y) ∈ M : y = } is invariant under 0p if g(, p) = 0.
This equation deﬁnes a surface E in a neighbourhood of (, p) = (0, 0) ∈ R× Rq if
dg(0, 0) 
= 0.
F. Wagener / J. Differential Equations 216 (2005) 261–281 263
In the case, to be considered in this article, that 00 has an invariant torus T0 with
Floquet multiplier 1, we have that g(0, 0) = 0 and g/y(0, 0) = 0. Introducing new
parameters (, p¯) such that  = g(0, p), it follows that
g

(0, 0) = 1
and that locally E can be written as a graph  = H(, p¯). Moreover, the perturbation
result which is proved in this paper is mainly interesting in the case that the frequency
vector 0
def= f (0, 0) satisﬁes a Diophantine condition, and that the surfaces g = 0 and
f1 = 01, . . . , fm = 0m are in general position at (, p) = (0, 0). This is equivalent
to saying that the level sets of f form a local foliation of E .
It is now clear that the following conditions, which will be imposed on 0p, are
natural.
(1) There is an integer d > 0 such that the torus Tm × {0} is a d-fold degenerate
invariant torus for 00. This means the following:
kg
yk
(0, 0) = 0 for 0kd and 
d+1
g
yd+1
(0, 0) 
= 0. (1)
(2) The frequency vector 0 = f (0, 0) satisﬁes a Diophantine condition.
(3) Versality of the unfolding: the map Rq → Rm+d given by
p →
(
f (0, p), g(0, p),
g
y
(0, p), . . . ,
d−1g
yd−1
(0, p)
)
has surjective derivative at p = 0.
These are generic conditions for q-parameter families 0p if qm+ d.
It follows from condition (1) that, after an appropriate rescaling of the normal variable
y, the map 00 takes the form
00(x, y) =
{ (
x + 0 +O(y), y + yd+1 +O(yd+2)
)
if d is odd,(
x +0 +O(y), y ± yd+1 +O(yd+2)
)
if d is even.
If necessary by considering
(
00
)−1
instead of 00, it can even be assumed that for
all d
00(x, y) =
(
x + 0 +O(y), y + yd+1 +O(yd+2)
)
.
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Condition (3) implies that there exist transformations of state variables and parameters
(details are given below) which bring the map 0p in the form
0p(x, y) =

x + + a(y, p), y + + d−1∑
j=1
j yj + yd+1 + b(y, p)

 , (2)
where a(y, p) ∼ O(y) and b(y, p) ∼ O(yd+2). Moreover p = (,, , p˜) ∈ Rq . The
parameter p˜ is not important and is dropped from further considerations; that is, it is
assumed that p = (,, ) ∈ P , where the parameter space P ⊂ Rm+d is an open
and bounded neighbourhood of p0 = (0, 0); this makes 0p a miniversal unfolding of
0p0 .
Singularity theory, applied to Eq. (2), provides us with full information of the bifur-
cation diagram of invariant tori in a neighbourhood of p0. To see this, note ﬁrst that
for given p and any invariant torus T of 0p, the parameter  satisﬁes
G(, p) def= +
d−1∑
j=1
jj + d+1 + b(, p) = 0.
We say that the torus T has height . The equation G = 0 deﬁnes the manifold
E ⊂ R × P that parametrises the invariant tori. If P : R × P → P denotes the
canonical projection on the second factor, the set of bifurcation values of 0p is the set
of singular values of P restricted to E .
The structure of E is determined by the fact that G is contact equivalent to the
simpler function
G0(, p)
def= +
d−1∑
j=1
jj + d+1.
This is a consequence of the preparation theorem of Malgrange (see e.g. [11]). The
concept of contact equivalence is explained below; its importance for the present situa-
tion lies in the fact that, if E0 denotes the set of zeros of G0, there is a diffeomorphism
of the space of parameters that maps the bifurcation set of 0p to the set of singular
values of P |E0 . The structure of the latter set can be considered to be fully known.
Note that both G and G0 are miniversal unfoldings of G(., p0) and G0(., p0). By a
slight abuse of language, we say that the family 0p unfolds the degenerate invariant
torus T0 = Tm × {0} miniversally.
On E we deﬁne the frequency map (p, ) = + a(, p) ∈ Rm. An invariant torus
y =  of 0p is Diophantine if (p, ) is a Diophantine frequency vector. The main
result of the present article states that under small non-integrable perturbations p of
0p, there exists a manifold E˜ and a map ˜, C∞-close to E and , respectively, such
F. Wagener / J. Differential Equations 216 (2005) 261–281 265
that for all points (p, ) in E˜ for which ˜(p, ) is Diophantine, there is an invariant
torus of the perturbed map with mean height . If the level sets of 1, . . . , m and
the manifold E are in general position, and if the difference between p and 0p is
sufﬁciently small, then in a neighbourhood of (0, p0) ∈ R × P , the level sets of ˜j
and the manifold E˜ will be in general position as well. Level sets of ˜ corresponding
to Diophantine frequencies will then deﬁne a Cantor foliation of a subset E˜c of E˜ . To
every (, p) ∈ E˜c, there corresponds an invariant torus of p close to T.
Again singularity theory can be invoked to show that projecting the shifted mani-
fold E˜ onto the parameter space yields a set of singular values which has the same
structure as its integrable counterpart. Note however that only points for which the fre-
quency map ˜ takes Diophantine values correspond to invariant tori, and that therefore
generically the codimension-k bifurcation sets are positive measure subsets of the man-
ifolds of (k − 1)-times degenerate singular values of the projection; see Fig. 1 for an
illustration.
Finally, it is shown that the results obtained can be applied to small perturbations of
0	(x, y) =

x + (	)+ a(y,	), y + (	)+ d−1∑
j=1
j (	)yj + yd+1 + b(y,	)

 ,
if the weaker condition is fulﬁlled that 	 → ((	), (	)) has surjective derivative at
a bifurcation value 	 = 0. This is reduced to the case above by passing to a suitable
unfolding family. Using a theorem of Pyartli, it is then shown that under generic
conditions, for any small perturbation 	 of 0	 there are codimension-k manifolds B˜k ,
and subsets B˜kc of B˜k of positive measure on Bk , such that for parameters on these
subsets the map 	 has k-fold degenerate invariant tori.
The present article generalises the work of Chenciner [8] and Broer et al. [6] on the
quasi-periodic saddle-node bifurcation. In [8] this bifurcation occurs in the wider context
of the degenerate Hopf bifurcation of ﬁxed points as the main technical difﬁculty,
whereas [6] it is analysed for its own sake.
Chenciner considers (after localising transformations) the family (see [8, Eq. (45), p.
87]):
P,a(
,) =
(

+ + , ′ + (1+ ε′)+ s′2 +O(3)
)
+ n,,a(
,)
Here 
 ∈ T1,  ∈ [− 12 , 12 ], and the parameters (′, ε′) depend (locally) diffeomorphically
on (, a). The  is the smallness parameter.
As a ﬁrst step, the region of parameters is split in a part where it can be shown
that all invariant circles are hyperbolic, and its complement, loosely called the ‘non-
hyperbolic’ region. Chenciner ﬁxes a frequency  to a Diophantine value. He then
identiﬁes a one-dimensional family C of invariant circles with this rotation num-
ber in the hyperbolic part of the parameter space which he continues through the
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Fig. 1. Sketches of the set of parameters E˜c for which there are invariant tori in the case of the
quasi-periodic 2-fold degenerate (or cusp) bifurcation, and its projections. In (a), this set is shown in
the (,, )-space; its projections on the (, )-plane and the (, )-plane are shown in (b) and (c)
respectively.
non-hyperbolic region. He ﬁnds a unique member of this family for which the invari-
ant circle is non-hyperbolic.
In terms of the manifold E˜ introduced above, the family C can be described as
the transversal intersection of the manifold ˜(, p) = 0 with E˜ , for some Diophantine
0 that takes the part of Chenciner’s . The unique non-hyperbolic member is the
intersection of the curve C with the manifold of singular points of the projection
P |E˜ .
Broer et al. [6] consider the saddle-node bifurcation of m-dimensional invariant tori
for vector ﬁelds. They consider perturbations of (see p. 153)
X
(,)
tr (x, y) = {+ a()y}

x
+ {+ b()y2} 
y
,
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where x ∈ Tm, y ∈ R,  ∈ Rn,  ∈ R and b() a non-vanishing function. They also
prove an adapted KAM-theorem, to obtain a conjugacy sending Xtr to
X¯(	,)(, ) = {	+ (	)+O(||2 + ||2)} 

+ [+ (	)2 +O(||3 + ||3)] 

(cf. Eq. 5.1, p. 154), whenever 	 is Diophantine. Initially, this only yields an invariant
quasi-periodic torus if  = 0; that is, the persistence of the non-hyperbolic torus in
the perturbed family. In a second step, the smallness of the perturbation terms in ||,
together with a delicate normal hyperbolicity argument, yields the other invariant tori
of the family. Hanßmann’s treatment of the quasi-periodic Hamiltonian centre-saddle
bifurcation [13] uses a similar approach. In contrast, the approach of the present article
permits to obtain all invariant tori at once.
Related work to that presented here has been done in the Hamiltonian case, using
a different approach, in [4,14]. Degeneracies for higher-dimensional normal spaces are
considered in [17,26].
2. Preliminaries
This section introduces deﬁnitions and notation that will be used in the remainder
of the article.
2.1. Spaces
Let Tm be the standard m-torus Tm = Rm/2Zm, and let M and M denote Tm ×
R and Tm × (−, ), respectively. The phase space M has the structure of a one-
dimensional normal bundle of Tm. Moreover, let the parameter space  be an open
neighbourhood of 0 in Rq .
2.2. Diffeomorphisms
In the following, all maps are assumed to be inﬁnitely differentiable (also called
smooth), unless explicitly mentioned otherwise. Diffeomorphisms  : M → M are
considered, but attention is focused on a neighbourhood of Tm × {0}; in the technical
part of the proof, the diffeomorphisms are therefore replaced by embeddings of M
into M .
Parametrised families 	 of smooth diffeomorphisms of M , where 	 takes values
in , are identiﬁed with vertical diffeomorphisms  : M ×  → M ×  given as
(x, y,	) = (	(x, y),	), where x ∈ Tm and y ∈ R.
2.3. Integrability
A diffeomorphism  : M → M is called integrable if it is equivariant with respect to
the Tm-action R given by R(x, y) = (x+, y). That is, the relation ◦R = R ◦
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is assumed to hold for all  ∈ Tm. Here and in the sequel, x +  is taken modulo
2Zm. If  is integrable, there are functions f : R→ Rm, g : R→ R such that
(x, y) = (x + f (y), y + g(y)).
For an integrable diffeomorphism, the normal dynamics y → y + g(y) are decoupled
from the internal dynamics x → x + f (y).
2.4. Diophantine condition
Let  > 0 and  > m − 1 be ﬁxed for the remainder of the article. The frequency
vector  ∈ Rm is said to satisfy a Diophantine condition D(,), if for all k =
(k1, . . . , km) ∈ Zm\{0} and all k0 ∈ Z:
|〈k,〉 + k0| |k|−.
The set of Diophantine frequencies will be denoted by Rmc . If  > 0 is small enough,
the set Rmc has positive Lebesgue measure, and that for any open bounded set S, there
is a constant C > 0 such that the Lebesgue measure of S\Rmc is bounded by C as
 → 0.
2.5. O-notation
The familiar O-notation will be used in the following sense: if f (x, y) is a smooth
function, f (x, y) ∼ O(g(x)) as x → x0 at (x0, y0) will mean that there is some
neighbourhood U of (x0, y0) and some function r(x, y) that is smooth and uniformly
bounded on U , such that
|f (x, y)|g(x)r(x, y) as x → x0, uniformly in y.
If the limit x → x0 is omitted, it will be understood that x → 0.
3. The integrable problem
This section brieﬂy analyses the problem of unfolding a d-fold degenerate invariant
m-torus of normal dimension 1 in a family of integrable diffeomorphisms. The rest
of the article studies the consequences of a small non-integrable perturbation to this
integrable scenario.
3.1. Integrable family
Let 0	 be an integrable family of diffeomorphisms, given as 0	(x, y) = (x +
f (y,	), y + g(y,	)), such that each diffeomorphism has a d-fold degenerate invariant
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torus y = 0 at 	 = 0. In other words, it is assumed that
g(0, 0) = g
y
(0, 0) = · · · = 
d
g
yd
(0, 0) = 0, 
d+1
g
yd+1
(0, 0) 
= 0.
If necessary by considering
(
0	
)−1 instead of 0	, it may be assumed that
d+1g
yd+1
(0, 0) > 0.
It is also assumed that f (0, 0) ∈ Rmc .
3.2. Choice of parameters
By a suitable coordinate transformation in the normal direction, it can be achieved
that dg/yd(0,	) = 0 for all 	 in a neighbourhood of 0. For after a coordinate
transformation 	(x, y) = (x, y + c), we have that −1 ◦ 0 ◦  =
(
x + f (x, y +
c), y + g(x, y + c)). By the implicit function theorem,
dg
yd
(c,	) = 0
can be solved for c, since by assumption
dg/yd(0, 0) = 0 and d+1g/yd+1(0, 0) > 0.
After another coordinate transformation of the type
y →
(
d+1g
yd+1
(0,	)
)− 1
d+1
y,
we can also assume that d+1g/yd+1(0,	) = 1 for all 	.
Set
(	) = g(0,	) and j (	) = 1
j !
j g
yj
(0,	)
for 1jd − 1. The (possibly transformed) map f (y,	) is written as f (y,	) =
(	)+A(y,	), where (	) = f (0,	). After these transformations, the diffeomorphism
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0	 takes the form
0	(x, y) =

x + (	)+ A(y,	), y + (	)+ d−1∑
j=1
j (	)yj + yd+1 + B(y,	)

 , (3)
where j (0) = 0 for 1jd − 1, (0) = 0 ∈ Rmc , A(y,	) ∼ O(y) and B(y,	) ∼
O(yd+2) as y → 0.
3.3. Inducing family
The family 0	 is induced from the family
˜0p(x, y) =

x + + a(y, p), y + + d−1∑
j=1
j yj + yd+1 + b(y, p)

 . (4)
Here p = (, ,,	) takes values in some open neighbourhood P of (0, 0,0, 0)
in Rd+m+q , and a(y, p) = A(y,	) and b(y, p) = B(y,	). Note that we introduced
 = (1, . . . , d−1). If  denotes the map
 : 	 → ((	), (	),(	),	) , (5)
then ˜0(	)(x, y) = 0	(x, y). In the following, the family ˜0p is studied ﬁrst. Afterwards,
inferences are drawn for the original family. The parameter 	 in p is dropped in the
following; it is easy to re-incorporate it. Also, the tilde on ˜0p is dropped.
3.4. Integrable invariant tori
Let P : R × P → P be the canonical projection on the second factor. It is well
known that the set of local bifurcations of invariant m-tori of the family 0p given by
(4) are the singular values of the projection P restricted to
E =

(, p) ∈ R× P : +
d−1∑
j=0
jj + d+1 + b(, p) = 0

 ,
to the space of parameters P . In fact, the manifold E parametrises all invariant tori of
0p in the following sense: if (, p) ∈ E , then the map 0p leaves invariant the torus
T = {(x, y) ∈ M : y = } and all invariant tori are obtained this way.
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3.5. Global parametrisation
The manifold E can be parametrised globally as follows. Introduce
G(p, ) = +
d−1∑
j=1
jj + d+1 + b(, p)
and note that G/ = 1+ b/ 
= 0 for  small enough. Hence, there is a function
, deﬁned on some open neighbourhood  of (,, ) of (0,0, 0) in Rm+d , such
that
E = {(p, ) :  = (,, )} .
3.6. Deformations
Recall from singularity theory that any family of maps  → G(, p) is an unfolding
or deformation of the map  → G(, 0). Any two unfoldings G1,G2 : R × Rq → R
are called contact (or K)-equivalent, if there are maps M,h : R× Rq → R, such that
M(, 0) = 1 for all  and h(., 0) : R→ R is a diffeomorphisms for which
G2(, p) = M(, p)G1
(
h(, p), p
)
holds (see [1, Chapter 3, Section 2.3, p. 167]). An unfolding G2 is induced from an
unfolding G1, if there is a map  : Rs → Rq , such that
G2(,	) = G1(,(	)).
Finally, a map G¯ : R × Rq → R is called a K-versal unfolding of  → G¯(, 0), if
every other unfolding of this map is K-equivalent to an unfolding induced from G¯.
3.7. Frequency map
The subset of Diophantine tori in E is determined as follows. The frequency map
 : → Rm is deﬁned as
(,, ) = + a(, (,, ), ,),
where a is as in Eq. (4).
The set of Diophantine invariant tori is parametrised by
Ec =
{
(p, ) ∈ R× P
∣∣∣  = (,, ) and (,, ) ∈ Rmc } .
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For every (p, ) ∈ Ec, the map 0p preserves the torus T, and restricted to that torus
0p reduces to the map x → x +  with  = (,, ) Diophantine. In the next
section it will be shown that these are the tori that persist under small non-integrable
perturbations of the family 0p.
4. The effect of perturbations
In this section, the main result of the present article is stated and proved; notations
of the previous section are retained. In the course of the proof, the translated torus
theorem of Rüssmann and Herman [16,19,24] is applied. It is quoted here from [24];
the notations are adapted to those used in the present article.
A map  : Tm → R is said to be of mean a if ∫Tm (x) dx = a, where dx denotes
the Haar measure on Tm.
4.1. Translated torus theorem
Theorem 1 (Rüssmann, Herman). Let m1, and consider a smooth embedding F0 :
M ↪→ M , satisfying F0(x, 0) = (x + , 0) for some  ∈ Rmc . For every smooth
embedding F : M ↪→ M sufﬁciently close to F0 in the C∞-topology, there are ∗ ∈
Rm, ∗ ∈ R, a smooth mapping ∗ : Tm → R of mean zero, and a diffeomorphism
h∗ : Tm → Tm, such that:
(1) The embedding F˜ given by F˜ (x, y) = F(x, y) + (∗, ∗) leaves the graph T of
∗ invariant.
(2) Restricted to T , h∗ conjugates F˜ to x → x + .
(3) For F = F0, we have ∗ = 0, ∗ = 0,  ≡ 0 and h = id. For F close to F0, if it
is required that ∗, ∗, ∗ are small, and h close to the identity, they are uniquely
determined.
(4) Finally, ∗, ∗, ∗ and h∗ depend Whitney-smoothly on  ∈ Rmc , and tamely (in
the sense of Hamilton [12]) on F − F0.
Note that the result as formulated in [19] or [24] does not provide an explicit relation
between the size of the perturbative term F − F0 and the constant  in the deﬁnition
of the Diophantine conditions.
4.2. Main result
Let 0 : M × P → M × P be the integrable vertical embedding
0(x, y, p) =

x + + a(y, p), y + + d−1∑
j=1
j yj + yd+1 + b(y, p), p

 .
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Here x ∈ Tm, y ∈ (−, ), and p = (, ,) ∈ P ; also, we have a(y, p) ∼ O(y)
and b(y, p) ∼ O(yd+2). Moreover, let  be, as above, an open neighbourhood of
(,, ) = (0,0, 0) in Rd−1 × Rm × R.
Theorem 2. There is a neighbourhood U of 0 in the C∞-topology of vertical em-
beddings of M into M , such that for every  ∈ U , there are C∞-maps ˜ :  → R
and ˜ : → Rm, C∞-close to  and , for which
E˜c =
{
(p, ) ∈ R× P
∣∣∣  = ˜(,, ) and ˜(,, ) ∈ Rmc } ,
parametrises Diophantine invariant tori of  in the following way. If (p, ) ∈ E˜c,
then there is a C∞ map ,, : Tm → R of mean 0, such that T,, = {(x, y) ∈
M | y =  + ,,(x)} is preserved by p. Restricted to T,,, the dynamics of p
are conjugated to x → x + ˜(,, ).
Proof. If (x, y, p) = (p(x, y), p) is in a small enough neighbourhood of 0 =
(0p, p) in the C∞ topology of vertical embeddings of M into M , it is of the form
p(x, y) =

x + + a(y, p)+ f (x, y, p),
y + +
d−1∑
j=1
j yj + yd+1 + b(y, p)+ g(x, y, p)

 ,
where f and g are smooth, and for some ε > 0 and N > 0 the functions f and g
together with their derivatives up to order N , are uniformly smaller than ε on M.
4.2.1. Localisation
The ﬁrst step in the proof is to localise  around y = , by means of the following
variable transformation:
(x, y,, ,) =

x, y − ,+ d−1∑
j=1
jj + d+1 + b(, p), ,+ a(, p)

 .
Denoting  ◦  ◦−1 by  = (p,, p), it follows that
p,(x, y) =
(
x + + ya˜(x, y, p, )+ f˜ (x, y, p, ),
y + + yb˜(x, y, p, )+ g˜(x, y, p, )
)
.
Note that a˜ and b˜, as well as f˜ and g˜, are smooth. Moreover, b˜ ∼ O(|| + ||).
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4.2.2. Finding invariant tori
Let  ∈ Rmc . Application of the translated torus theorem to
F0 : (x, y) →
(
x + + ya˜(x, y, p, ), y + yb˜(x, y, p, )
)
(this is an embedding for || + || small enough), yields that for ε > 0 sufﬁciently
small, N > 0 sufﬁciently large, and ‖f˜ ‖CN < ε, ‖g˜‖CN < ε, there are ∗ ∈ Rm and
∗ ∈ R, and a function ∗ : Tm → R of mean zero, such that the map
p∗,(x, y) = ∗,,+∗,(x, y)
=
(
x + + ∗ + ya˜(x, y, p, )+ f˜ (x, y, p, ),
y + ∗ + yb˜(x, y, p, )+ g˜(x, y, p, )
)
preserves the torus T = {(x, y) ∈ M : y = ∗(x)}. Moreover, there exists a diffeo-
morphism h∗ : Tm → Tm, such that restricted to T , the map p∗, is by h∗ conjugate
to
x → x + .
Finally ∗ = ∗
p,,, h
∗ = h∗
p,,, 
∗ = ∗(p, ,) and ∗ = ∗(p, ,) depend
smoothly on p and , Whitney smoothly on , and tamely on f˜ and g˜.
This can be summarised in the statement that there is a diffeomorphism  = p,,
of the form p,,(x, y) = (h∗(x), y + ∗(h∗(x))), conjugating p∗, to
(x, y) → (x ++O(y), 0+O(y)). (6)
4.2.3. Determination of parametrisation and frequency map
We return to the original variables. By setting
+ ∗(p, ,) = + a(, p),
∗(p, ,) = +
d−1∑
j=1
jj + d+1 + b(, p)
and noting that  and  can be solved for using the implicit function theorem, the
parametrisation  = ˜(,, ) of E˜c and the frequency map  = ˜(,, ) of p are
obtained. It is clear that they are C∞-close to  and  on Ec.
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4.2.4. Whitney extension theorem
Until now ˜ and ˜ are only deﬁned for (,, ) ∈ ˜−1(Rmc ). By the Whitney
extension theorem (see for instance [22]), they can be extended (in a non-unique way)
to all of . Thus the extended function ˜ parametrises a smooth manifold E˜ that is
close to E . This ﬁnishes the proof of the theorem. 
5. The structure of the d-fold degenerate quasi-periodic bifurcation
This section explores the consequences of the theorem of the previous section to the
study of d-fold degenerate quasi-periodic bifurcations.
5.1. The bifurcation set
Recall that the local bifurcation points of the integrable system are the singular
values of the projection of P : R×P → P restricted to E . Equivalently, these are the
critical values of the map ˜ : → P given as
˜(,, ) = (˜(,, ), ,).
Denote by  the map that corresponds to  as ˜ to ˜. Note that  has a Morin
singularity (see [11]) at (0,0, 0), and that it is a stable mapping. Since ˜ is C∞-
close to , the critical values of ˜ will be C∞-close to those of . However, only
those critical values are bifurcation points of invariant Diophantine tori for which the
frequency map evaluated at the corresponding critical point takes values in the set of
Diophantine frequencies. These will be denoted by Bc. See Fig. 1 for a sketch of the
set of parameters corresponding to Diophantine tori in (, ) and (, )-space.
5.2. Fattening and Chenciner bubbles
In the spirit of [6], also the conjugacy p,, from the proof of the main theorem
can be extended from the set of Diophantine  to all  by the Whitney extension
theorem. The local system p∗, would then, instead of (6), be conjugated to
(x, y) → (x + + fˆ (x, y, p, ), 0+ gˆ(x, y, p, )), (7)
where the smooth functions fˆ (x, 0, p, ) and gˆ(x, 0, p, ) vanish only if ˜(,, ) ∈
Rmc . But since Rmc is closed and of positive measure, it is the union of a countable
set and a perfect set that is also of positive measure (Cantor–Bendixon theorem, see
[15, p. 138]). It follows that on the latter subset of Rmc , all derivatives of f and g will
vanish.
Now, all points on E˜c that are not on the critical set correspond to hyperbolic invariant
tori. This parameter set, denoted by Hc, parametrises invariant hyperbolic Diophantine
tori. It is contained in a larger open set H that parametrises all invariant hyperbolic tori,
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not necessarily Diophantine ones. For given (p, ), there can be at most one invariant
torus of height , since two such tori would intersect. The preceding discussion permits
us to conclude that the boundary of the hyperbolic set has inﬁnite order of contact
with the critical set, that is, the set of bifurcation points, on E˜ . The complement of
H ∪ Bc is known as the set of Chenciner bubbles (see [8–10]), and it contains all the
resonant bifurcation behaviour in the system.
5.3. Consequences for the original system
Consider a family 	 that is a small perturbation of the integrable quasi-periodic
d-fold bifurcation family 0	 of Eq. (3), and hence of the form
	(x, y) =

x + (	)+ A(y,	)+ f (x, y,	),
y + (	)+
d−1∑
j=1
j (	)yj + c(	)yd+1 + B(y,	)+ g(x, y,	)

 ,
with x ∈ Tm, y ∈ R and 	 ∈ , and with (0) = 0 and j (0) = 0. This family is
unfolded by
˜p(x, y) =

x + (p)+ A(y, p)+ f (x, y, p),
y + +
d−1∑
j=1
j yj + c(p)yd+1 + B(y, p)+ g(x, y, p)

 ,
with p ∈ P ⊂ Rm+d × . The two families are related by ˜(	) = 	, where (	) is
given by Eq. (5).
The theorem proved in the previous section shows that for f and g sufﬁciently close
to 0 in the C∞ topology, there is a manifold E˜ in P ×R, and a map ˜ : E˜ → Rm, such
that if ˜(p, ) ∈ Rmc , then ˜p has an invariant torus of mean height . Moreover, the
manifold is the graph of a function ˜(,, ) that versally unfolds a d-fold singularity
at  = 0.
5.4. Persistence of invariant tori
In order to encounter (and unfold) the d-fold degeneracy generically in the original
family 	, it is sufﬁcient that the map 	 → ((	), (	)) has surjective derivative at
the bifurcation point 	 = 0. This is a generic condition on the family 	. Under this
condition, there is a manifold E˜ in  × R, which is given by the requirement that
(	, ) ∈ E˜ if and only if ((	), ) ∈ E˜ .
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Finally, a frequency map  for the original system is constructed, which has the
property that for (	, ) ∈ E˜c = E˜ ∩−1(Rmc ), there is an invariant torus of 	 of mean
height , and that E˜c has positive measure in E˜ . The frequency map (	, ) is deﬁned
as
(	, ) = ˜((	),(	), ).
The following result by Pyartli [18] gives a sufﬁcient generic condition on  such that
E˜c is of positive measure in E˜ . More general results have been obtained by Bakhtin
[2,3] and Sevryuk [21]: see for more information the discussion in Section 2.5 of [5].
Theorem 3 (Pyartli). Let U be an open neighbourhood of a point q ∈ Rm, and let
a smooth map  : Rm → Rn (n > m) be given, parametrising a m-dimensional
submanifold S in Rn. Assume that there is a curve  : (−ε, ε) → Rm with (0) = q,
such that v1, . . . , vn−m+1 span a (n−m+ 1)-dimensional linear subspace of T(q)Rn
transversal to T(q)S at (q), where vj is given as
vj = d
j ◦ 
dtj
(0).
If  > n2 − n+ 1, and if  > 0 is sufﬁciently small, then the set
Uc =
{
x ∈ U : |〈k,(x)〉 + k0| |k|−for all k ∈ Zm\{0}, k0 ∈ Z
}
.
has positive Lebesgue measure in U .
5.5. Persistence of bifurcation points
The codimension-k bifurcation sets of invariant tori of 0	 correspond naturally to
codimension-k submanifolds Bk of E . Let k , for k ∈ {1, . . . , d − 1}, denote the
restriction of the frequency map  to Bk . On an open and dense subset in the C∞-
topology, the assumptions of Pyartli’s theorem hold for all of the k on a neighbourhood
of the d-fold degenerate bifurcation point 	 = 0. Hence, under a small perturbation
there will be smooth codimension-k manifolds B˜k , C∞-close to Bk , and subsets B˜kc
that have positive measure with respect to B˜k . For 	 ∈ B˜kc , the system 	 has a k-fold
degenerate invariant Diophantine torus, for 1kd − 1. However in the perturbed
system, a d-fold degenerate torus will only be obtained with positive probability.
5.6. Application
The main object of Chenciner’s article [8] is the investigation of the dynamics of a
inﬁnitely differentiable planar diffeomorphism p : C → C at an elliptic ﬁxed point
z = 0. Assuming that the eigenvalues p, ¯p of the linearisation Dp(0) satisfy kp 
= 1
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for 1k2n + 3, after a suitable change of coordinates, the map p can be written
as
p(x, y) =
(
x + f (y, p)+ yn+1A(x, y, p), y(1+ g(y, p)+ yn+1B(x, y, p)))
(see [8, Section 1.2, p. 72]; we introduced real variables x, y by setting z2 = yeix and
made some slight changes in notation). Chenciner then limits his investigation to the
case that
g(0, 0) = g
y
(0, 0) = 0, 
2
g
x2
(0, 0) = −1.
To treat the general case, set 0 = f (0, 0) and assume that the manifolds g = 0,
f1 = 01, . . . , fm = 0m are in general position. If as before g(0, 0) = · · · =
dg/yd(0, 0) = 0, d+1g/yd+1(0, 0) 
= 0, d < n, we can rewrite p into the
form
p(x, y) =
(
x + f (y, p)+ yn+1A(x, y, p),
y + y +
d−1∑
j=1
j yj+1 + yd+2 + yb(y, p)+ yn+2B(x, y, p)
)
,
where b = O(yd+2). Consider ﬁrst the one-dimensional map
y → y + y

+ d−1∑
j=1
j yj + yd+1 + b(y, p)


on the phase space (0,∞). Note that ﬁxed points y =  of this map are given by
G(, p) def= 

+ d−1∑
j=1
jj + d+1 + b(, p)

 = 0,
and introduce E = {G(, p) = 0}. Restricted to the region  > 0, the one-dimensional
map has at most (d − 1)-fold degenerate bifurcations, which correspond to one-dimen-
sional curves in the d-dimensional parameter space (, ).
Fix e0 = (y0, p0) ∈ E such that the one-dimensional map has a k-fold degenerate
bifurcation for p = p0 at y = y0; we include the case k = 0 for which y = y0 is a
hyperbolic ﬁxed point. Deﬁne the localising transformation (x, y) = (x, y − y0). If
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


Fig. 2. Sketches of the set of parameters for which there are invariant tori in the case of the quasi-periodic
degenerate Hopf (Chenciner) bifurcation. Above, this set is shown in the (,, )-space; below its
projections on the (, )-plane (left) and the (, )-plane (right).
0 < y < 2y0 and k > 0, we obtain
¯p(x, y) =
(
 ◦ p ◦−1
)
(x, y)
=
(
x + f (y0 + y, p)+ yn+10 A¯(x, y, p),
y + ¯y +
k−1∑
j=1
¯j yj+1 + yk+1 + b¯(y, p)+ yn+20 B¯(x, y, p)
)
,
where (¯, ¯) depend locally diffeomorphically on (− 0, − 0). The case k = 0 is
left to the reader.
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Assuming that the level sets of the frequency map f (, p) are in general position
with the manifold E , we ﬁnd that if y0 > 0 is sufﬁciently small, the main theorem can
be applied, yielding a manifold E˜e0 that is C∞-close to E , locally at e0 = (y0, p0),
and a positive measure subset E˜e0c of E˜e0 , such that if (, p) ∈ E˜e0c , the map p has
an invariant torus C∞-close to T. Patching together the sets E˜e0 and E˜e0c by setting
E˜ =
⋃
e0
E˜e0 and E˜c =
⋃
e0
E˜e0c
yields that there is a manifold E˜ that is C∞-close to E and a positive measure subset
E˜c on E˜ , such that for (, p) ∈ E˜ , the map p has an invariant torus C∞-close to T.
This result is illustrated for the Chenciner case d = 2 in Fig. 2.
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